Math 33A Worksheet Week 9 Solutions

TA: Emil Geisler and Caleb Partin
May 30, 2024

Exercise 1.

Recall that we can compute the determinant of a m x n matrix through Cofactor Expansion.
If A is the matrix we are trying to compute the determinant of, then we can let A;; denote the
(n —1) x (n — 1) matrix formed by removing the ith row and jth column from A. Then for some
choice of column j

det A = Z(—l)”jaij det Aij
=1

or some choice of row ¢

det A = Z(—l)”jaij« det AU
j=1

That is, we can compute the determinant by summing over the cofactors for any row and column.
Use these formulas to compute the determinant of the following matrices:

(1 2

@) 15 &

—~
=3
~—

S O N
—_
—_

—
o

~
[\
(\]

w b—'
w0 —
w —
1 [SAEN BN |

—

o,

SN—
SO O OO
_ 0 O O O N
O R~ WO W
N = = O O

S O OO NN



D =2-(11-540-7) =110

2:3-2-3=0

l)-

JREN(E

2 2
3 3

N o o O
||
N—
+
<]
=
I
\J
—
—
001__
O O — — A
O M - - O
N o oo
S oo o
—__— — —
N—
+
<]
=
I
\|/
I
—
— o o~
— O O — —
N O M — - O
—
| No o oo

0
1




Exercise 2. One important application of determinants is that they help us determine invertibility
of a matrix. Use the determinant to determine for which values A the following matrices are
invertible:
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% is the only value when this matrix is not invertible.

A =

A

A | = (A =1) (A= X?) = (A—1)2) So this matrix is not invertible when A = 0, 1
A

(c)det( 0 4 =(1-=-XN4-)

So this matrix is not invertible when A = 1,4
3—A 5 6

(A det|]| 0 4-x 1 = (B-NEA=N6=-A)+1] = (3= NN\ — 10\ +25) =
0 -1 6-2A
(3= —=5)?

So this matrix is not invertible when A = 3,5



Exercise 3. Determine whether the following are true or false:
(a) det(A+ B) = det(A) + det(B) for any two n x n matrices A and B.
(b) If B is the rref of A, then det(B) = det(A).

(c) There exists a 3 x 3 matrix A with real valued entries such that A2=| 0 -1 0

(d) If A is an orthogonal matrix, then det(A) = +1.

(a) False. Here’s a counter-example:
L o], [-1 0] _[oo0
01 0 —1| |0 0
10 -1 0 0 0
o ([o ] ) e ([ ) =rwnzae(fg g ) =0

(b) False, scaling a matrix or swapping rows changes the determinant!

(c) False. Such a matrix A would have det(A%) = —1 == det(A) = /-1, however, if A is
composed of all real entries, this cannot be the case.

(d) True. If A is orthogonal, we know that AT = A~! and thus we have that det(A) = det(AT) =

det(A™1) = detl(A) = det(A)? =1 = det(A) = +1




Exercise 4. Write down the relationship between det(B) and det(A) for the following scenarios
(Challenge: Can you prove any or all of them?)

(a) If B is obtained by multiplying a row of A by a scalar k.
(

b) If B is obtained by swapping two rows of A.

(
(d) B=AT

)
)
c) If B is obtained by adding a multiple of one row of A to another row of A.
)
)

(e) If A is invertible, B = A~!

Send us an email or come to office hours if you want to discuss how to prove any of these!

(a) det(B) = kdet(A)
(b) det(B) = —det(A)
(c) det(B) = det(A)
(d) det(B) = det( )
(e) det(B) = det



